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Element Stress Recovery Technique with Equilibrium Constraints
for Superconvergent Boundary Stress Extraction

Hoon Cheol Park* and Sahng-Hoon Shin®
Konkuk University, Seoul 143-701, Republic of Korea

An element stress recovery technique is proposed for accurate boundary stress extraction. The equilibrium
constraint is imposed using two residuals of the equilibrium in variational forms. For the recovery stress fields, only
a dominantstress componentis assumed as higher order, and all other components are assumed as high as the order
of the assumed displacementin the finite element used for the stress analysis. The recovery stress fields are postulated
within an element, whereas they are assumed over an element patch in the patch stress recovery technique. By
employing these features, the final matrix to be inverted becomes well conditioned. Numerical examples have
demonstrated that quite accurate boundary stresses can be recovered even for coarse meshes using the proposed
method. It is also shown that the method can accurately extract boundary stresses without implementing the
superconvergent stresses. The method should be very effective for localized boundary stress extraction.

Introduction

N the developmentof a finite element programfor stress analysis,

aroutine for the stress calculation should be included as the final
stage of the program. However, itis noteasy to developa satisfactory
stress recovery routine because the stresses calculated in the finite
element method are not continuous across elements. Moreover, the
calculatedstressesare accurateonly at some special sampling points,
such as the Gauss integration points and the so-called superconver-
gent points. At these points, the stresses have higher accuracy than
at any other points within an element. Balow! showed the existence
of such optimal points inside of various types of elements.

Since the 1970s many researchers’> have attempted to develop
better stress recovery techniques. Recently, the so-called patch re-
covery technique or the Zienkiewicz-Zhu (ZZ) method®” has be-
come an influence on a new trend in the developmentof the stress re-
covery scheme due to its implementation simplicity. In this method,
the stresses calculated at the optimal points or the superconvergent
points in an element patch are used to obtain a continuous stress
field over the patch. Because the order of the assumed stress field of
the patchis strictly dependenton the number of the superconvergent
points within the patch, only a low-order stress field can be assumed
for the recovery stress. As a result, the recovered stresses at the grid
points that are included in only one patch have poor accuracy. Be-
cause these grid points are usually located at the boundaries of a
finite element model, the inaccuratelyrecovered stresses may cause
dangerousresults when the stressesare used for designoptimization.

New ideas have been introduced®!! to resolve this problem. The
common idea of these approaches is to improve the accuracy of
the recovery stress within a patch by increasing the order of the
assumed stress field. However, this may cause an ill-conditioned
matrix in the final stage of the patch stressrecoveryroutineinasmuch
as the order of the assumed stress field is limited by the number of
the superconvergent stresses within the patch. To overcome this
drawback, the equilibrium constraint has been introduced into the
ZZ method in various ways, and the order of the assumed stress
polynomial has been increased.

Wiberg and Abdulwahab® and Wiberg et al.” proposed a patch
stress recovery technique that can increase the order of the assumed
stress field by imposing an equilibrium constraint. In their work, the
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equilibrium constraint was applied such that the assumed stress can
minimize the squares of residuals of the equilibrium equation$-°
Some improvement in the accuracy of the recovery stress was
achieved by this method. Blacker and Belytschko!® implemented
squares of the equilibrium residuals and included the norm of the
traction boundary residual in the error functional to be minimized.
They'? also introduced the conjoint polynomial to enhance the ac-
curacy of the recovery stresses in overlapping patches, and slight
improvement in the rate of convergence was achieved. As another
way to implement an equilibrium constraint in the patch recovery
technique, Lee et al.!! used a virtual work form of the equilibrium
residual, called the Lee-Park (LP) method. In the LP method, the
patch residual of the equilibrium was formulated based on the prin-
ciple of virtual work and included in the error functional for mini-
mization. In the formulation, the traction was calculated in terms of
the patchstiffness,and the displacementwas obtained from the finite
element analysis. Boroomand and Zienkiewics'> demonstrated that
an accurate stress recovery is possible even without implementing
the superconvergentstresses for some particular examples. In spite
of this intensive research, significant accuracy improvementin the
recovered boundary stresses has not been reported.

A method of element stress recovery is proposed to improve the
accuracyof theboundarystressescalled the Shin-Park (SP) method.
This method employs the basic concepts from the previous LP
method,!! but the stress is recovered by each element. In addition to
the equilibriumresidual formulated in the LP method, an additional
residual is derived from the principle of virtual work by represent-
ing traction forces in terms of the assumed stress field within each
element. The order of the assumed stress component is selectively
chosen to be equal to or higher than that of the displacement field
assumed in the finite element used for the stress analysis. Because
at least one of the stress components is assumed as higher than that
of the assumed displacement, higher-orderelements are used for the
construction of matrices in the present technique. These new fea-
tures have resulted in a well-conditioned final matrix to be inverted.

Test examples, including a three-dimensional problem, have de-
monstrated satisfactory enhancement in the accuracy of the recov-
ered boundary stressin comparison with results from the ZZ method,
the modified LP method, and the element-by-elementextrapolation
denoted as average (AVG) in this paper.

Formulation

In the present technique, contrary to previous patch recoveries?~
the stress field is assumed at each element and is expressed as

11

o,=Pa

(€Y)

where o, is the assumed stress vector in an element, P is the poly-
nomial matrix, and a is the coefficient vector to be determined. For



624 PARK AND SHIN

one-dimensional problems, in which case the stress field has only
one component, the P matrix can be expressed as

P=[1 & &% 2

when the stress is assumed as a quadratic polynomial in terms of
the parent coordinate £ and the vector @ has three undetermined
coefficients. When linear elements are used for the one-dimensional
problem, the order of this assumed stress becomes higher than that
of the assumed displacement for the linear element.

For two-dimensional problems, the P matrix should be written as

Fl 0 0—‘
P=|0 P, 0 3)

Lo 0 EJ

because the stress field has three components. Here I_’l, I_’z, 1_’3 can
be assumed as either

i=1,23 )
or

P=[1 & n & &n nl

depending on which component is dominant. When elements with
the bilinear displacement field are used for the finite element anal-
ysis, the assumed stress in Eq. (4) has the same order of that of the
assumed displacement. If the assumed stress in Eq. (5) is used, the
order of the assumed stress becomes higher than that of the assumed
displacement in the bilinear element.

In other words, the order of each assumed stress component can
be equal to or higher than that of the displacement field assumed
in the finite element used for analysis. This is one of the important
considerationsto producea well-conditionedfinal matrix, especially
for the three-dimensionalstress recovery problemin which six stress
components must be assumed at a time. This selective higher-order
stress assumption will be demonstrated in the following section.

The general expression for the difference between the stress cal-
culated from the assumed recovery stress field o, and the stress
obtained by the finite element analysis o, at the ith superconver-
gent point inside of an element can be expressed as

i=1,23 (5

e, =0.&,n,8) — o, 8)
= P&, ni,¢)a — o, nis &) (6)

where (§;, n;, {;) represents the parent coordinates of the ith super-
convergent point.

A solid in an equilibrium state satisfies the following equation,
which stands for the well-known principle of virtual work:

an:/aeTadV—/auTidS—/aqudvzo %)
14 S 14

where §e is the virtual strain vector, o is the stress vector, u is the
virtual displacement vector, T is the traction force vector, f is the
body force vector, V is the volume of interest, and S is the surface
under the traction force.

Because the actual stress is unknown, the actual stress o is re-
placed by the assumed stress field o, at each element, and the trac-
tionterm 7 is expressedin terms of the assumedstress o, as follows:

(87Tres)1 2/ (SETO'EdV—/ su'Lo, dS—/ sufdv (8)
v

Se Ve

e

where V, is the volume of an element and L is the direction cosine
matrix that represents normal directions of each element boundary
surface S,. The sum of each elementresidual of equilibrium (877, )
does not approach zero until the assumed stress field is very close
to the actual stress.

The virtual displacement vector Su can be interpolated using the
virtual element nodal degree-of-freedom(DOF) vector 8¢,, and the

virtual strain vector §& can be obtained by differentiating the virtual
element nodal DOF vector 8¢, in the following way:

éu = Ndiq., ée = Bdgq, )

where N is the shape function matrix and B is the operation matrix
that relates the strain and displacement within an element. Intro-
ducing Egs. (1) and (9) into the first term in the right-hand side of
Eq. (8), the following expressionis obtained:

/ seTo,dV =8quCga (10)
Ve

where

Ce:/ BTPdV
Ve

The second and third term in the right-hand side of Eq. (8) can be
written as

/SuTLO'EdS-I—/ su'fdv =8q’ D.a+Fy) (11

Se Ve

where

Dg:/ N'LPdS, Fb:/ N'fdv
Se Ve

and N is the shape function matrix over the element boundary sur-
face. Finally, using Eqgs. (10) and (11), the residual of equilibrium
(87)1 in Eq. (8) can be rewritten as

(e =g, [(C. —D,)a — F,] = 8¢, (Req) 12)

where the first residual vector (R.), is defined as (Re); =
(C. —D.)a—F,.

The equilibriumresidual of an element can be derivedin a differ-
ent way by representingthe second and third terms in the right-hand
side of Eq. (7) using the stiffness matrix of the element as follows:

/ auTidS+/ su'fdv =8q"F, = 5q"K.q. (13)
Se Ve

where F, is the nodal load vector, g, is the element nodal DOF vec-
tor obtained from the finite element analysis, and K, is the element
stiffness matrix formulated using the higher-order element. There-
fore, another form of the residual of the equilibrium (§7,), can be
expressed as

(87Tres)2 = / (SSTUE dv — aqueqe = aqz; (Cea - Fe) (14)
Ve

where C, is the same matrix obtained in Eq. (10). The (87s), in
Eq. (14) can be simply written as the following equation:

(87Tres)2 = aqz; (Cea - Fe) = aqz (Req)Z (15)

where the second residual vector (R.y), is defined as (Req)> =
C.a—F,.

The coefficient vectora is determined such that the stress errore;,
the first residual vector (Req) 1, and the second residual vector (Req)»
are minimized in the least-squares sense. Thus, the error functional
F (a) is constructed as

F@)=a)_ ele;+B(RL) Reg)i + v (RL),(Re):

i=1

=a Z(Pa — o' (Pa—0y) + BI(C. —D,a—F,)"

i=1
x[(C. —D,a~F,]+y[Ca—F."[Ca—F.] (16)

where n is the total number of sampling points within an element
and «, B, and y are the penalty parameters. In Eq. (16), the first
term of F (@) correspondsto the least-squaresfunctional used in the
77 method®” The third term is in the same form as the residual
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functionalintroducedin the LP method.!! By employing the second
term in addition to the third term, a higher-order stress field can
be assumed within an element, and the accurate boundary stress is
stably recovered, even for the three-dimensional problem.

The coefficient vector a in Eq. (1) is determined by minimizing
the functionalin Eq. (16) with respectto the coefficient vector. Thus,
the coefficient vectora is obtained such that the following equation
is satisfied:

oF (a)
da

0 a7

After rearrangement this condition can be rewritten as follows:

|:oz Y P'"P+B(C.—D,) (C.—D,)+ yCeTCE:|a

i=1

=a) P'o,+p(C.—D)'F,+yCF, (18)

i=1

The final matrix in the bracket in front of the coefficient vec-
tor a becomes well conditioned even for zero « and for the three-
dimensional stress recovery example in which all six stress compo-
nents must be assumedat a time. Therefore, we cansolve Eq. (18) by
using a conventional Gaussian elimination solver for any problem.

When the original LP method was used to recover stresses for
the in-plane bending problems (example 3 in the present paper),
the final matrix became ill conditioned. As a result, a special solver
based on singular value decompostion should be used to solve the
final equation. Therefore, the LP method is modified such that the
additionalresidual of the equilibrium [the term with y in Eq. (18)] is
implemented as in the SP method, and all of the stress components
are assumed as higher order. This modified LP method is denoted
as LP in the present paper.

Numerical examples will show that the recovered boundary
stresses are relatively accurate compared with the boundary stresses
obtained by the ZZ method, the modified LP method, and the con-
ventional element stress extrapolation method. The abbreviation
AVG stands for the bilinear element stress extrapolationin the two-
dimensional problems and the trilinear element stress extrapolation
in the three-dimensional problem.

Numerical Examples

Performance of the proposed method is demonstrated by the fol-
lowing four examples. In the one-dimensional example, two-node
linear elements are used for the finite element analysis and three-
node elements are adopted for the construction of the B matrix in
Eq. (9) and K, matrix in Eq. (13). Four-node plane stress elements
with a bilinear displacement field are used for the two-dimensional
stress analysis, and the eight-node plane stress element is used to
build the B and K, matrices. Similarly, the eight-node solid element
is selected for the three-dimensional stress analysis and the 20-
node element is used to construct the B and K, matrices. Figure 1

Examples  for finite element analysis for B and K, matirces

> —-:: & ——0—e

!

Two-dimensional
O
&
0

Three-dimensional .m
@

Fig.1 Elements used for examples.

One-dimensional

summarizes this choice of element types for each example. The
result from the present method is denoted as SP in all examples.

Example 1: One-Dimensional Problem
The equationof motion for a bar under axialload can be expressed
as follows:

d ( du)
—|EA— )+ f=0 on I1=(0,1) (19)
dx dx

with two boundary conditions,

u(0) =0, u(l)y =1u (20)
where the extensional stiffness EA is set equal to 1 and the load
vector f and the boundary displacement i are chosen such that the
exact stress is given as

du 5
Oexa = | EA— =10x>—5x+5 @0
exact

Two two-nodelinearelements are used to analyze this problem. In
the ZZ method, a patch is constructed using two adjacent elements
and a linear stress field is assumed over the patch because there is
only one superconvergent point at each element. For the modified
LP method, the stress is assumed as complete quadratic, as Eq. (2),
over the same patch. In the presentmethod, one three-nodequadratic
element is employed to construct the B and K, matrices of each
element for the stress recovery scheme. One superconvergentstress
is calculated at each element center, and a quadratic stress field is
assumed for the stress field within each element.

Figure 2 shows that the results obtained using the SP and the
modified LP method agree well with the exact solution even at the
boundaries,x = 0and 1, whereas the ZZ method providesinaccurate
boundary stresses. The values of «, 8, and y are set equal to 1, 1,
and 0, respectively,in the SP method.

Example 2: Two-Dimensional Problem 1

An infinite plate with a center hole under unidirectional ten-
sile stress is a popular two-dimensional example used in previous
papers’- %11 because there exists an exact solution of the problem.
The exact solution for the axial stress is given as the following:

oy K (3 20 + 49) 2R a0 2
= — — | — COoS COS —— COS
(0r) oo r2 \2 2 r4

The same example is chosen as the first example of two-dimen-
sional problems. The problem is shown in Fig. 3. Because of the
symmetry in the geometry and the applied load, only the shaded

11

10F ¢ FEM
C | e Z7(p=1) 43
E----- LP, SP(p=2) | 77
= =
5 - :
T 7R 3
= = B
= [ ]
6F 3
5E .
4B . =
3‘....I...;I....I....'
0 0.25 05 0.75 1

X
Fig.2 Distribution of the axial stress, EA(du/dx) for EA = 1: example 1.



626 PARK AND SHIN

Table1 Recovered boundary stresses, o, (example 2)

Table 2 Recovered boundary stresses, o, (example 3)

SP method

SP method

Beam
Mesh a=1,8=1,y=1 a=0,=1,y=1 Exact, psi Mesh a=1,=1,y=1 a=0,=1,y=1 solution, psi
1 2.6118 (12.94) 2.6055(13.15) 1 407.683 (5.64) 407.683 (5.64)
2 2.9430(1.90) 2.9372(2.09) 3 2 432.096 (0.02) 432.096(0.02) 432
3 3.0645(2.15) 3.0615 (2.05) 3 432.500(0.12) 432.500(0.12)
4 3.0681(2.27) 3.0669 (2.23) 4 434.176 (0.50) 434.176 (0.50)
2() indicates magnitude of relative error %. (') indicates magnitude of relative error %.
y 1.1
< 4 3 1} -
- -
b Alr 4 =3
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Fig. 3 Infinite plate with a center hole under uniform axial tension: ——SPp
E =107 psi,»y=0.3, (0xx ) =1 psi, R =1 in., and thickness ¢ = 0.1 in. —=— P
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Fig.4 Meshes used in example 2.

area is modeled using bilinear four-node plane stress elements.
The equivalent traction forces are calculated and applied to the
boundaries of the shaded area (along x and y=4) to simulate
the infinite plate. Proper symmetric boundary conditions are ap-
plied along the x and y =0 boundaries. Four different meshes are
used for the convergence check, and these meshes are shown in
Fig. 4.

The bilinear stress field and the complete quadratic stress field
are assumed for the three stress components over a patch in the
ZZ method and the LP method, respectively. In the SP method,
the complete quadratic stress for o, [Eq. (5)] and bilinear stresses
for the other two stress components [Eq. (4)] are assumed within
an element because o,, is the dominant stress component in this
example.

The axial stress at the boundary node point A in Fig. 3 is of
interest in this example. First the performance of the SP method
is checked. The recovered boundary stress using e =0, =y =1
is compared with the result for « = 8 =y =1 in Table 1. The two
cases produced almost identical results for each mesh. This means
that quite accurate boundary stresses can be recovered even without
implementing the superconvergentstress.

Results from the different methods are compared with the result
obtained by the SP method in Fig. 5. Figure 5 shows that the SP
method provides a relatively accurate recovered stress at the bound-
ary point A even for coarse meshes. All other methods provide
worse boundary stresses when coarse meshes are used for the stress
analysis.

Mesh 1 Mesh 2 Mesh 3 Mesh 4

Fig.5 Recovered axial stress at the point A: example 2.

1 psi

Fig. 6 Cantilever strip under uniform pressure: E =107 psi,v=0.3,
L=12in., W =1 in., and thickness =0.25 in.

Meqh 3 Mesh 4
Fig.7 Meshes used in example 3.

Example 3: Two-Dimensional Problem 2

Using the same plane stress element adopted in the preceding ex-
ample, we analyzed a cantileverstripunderuniformvertical pressure
(shown in Fig. 6). Axial DOF (u) are restrained at the node points
lying along the y axis, and the vertical DOF(v) is fixed only at x =0
and y =0. The same assumed stress field used in example 2 is em-
ployed for each method. Four different meshes (shown in Fig. 7) are
used to check the convergence.

The axial stress at the boundary node point A in Fig. 6 is of
interest in this example. For the SP method, the recovered bound-
ary stress using « =0, 8 =y =1 is compared with the result for
a ==y =1 in Table 2. Results from the two cases are iden-
tical for each mesh. This means that accurate boundary stresses
can be recovered without the superconvergent stress information
for the present in-plane bending problem. The beam solution in
Table 2 indicates the solution based on Bernoulli-Euler beam the-
ory. When this problem is modeled using 240 x 20 QUAD4 el-
ements of MSC/NASTRAN, the boundary stress is calculated as
0. =437.54 psi, which is very close to the beam solution.
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Fig.8 Recovered axial stress at the point A: example 3.

Fig.9 Geometry and loading condition of a cantilever beam: E = 107
psi,v=0.3,L=12in.,,W=1in.,,and H=1in.

Results from the different methods are compared with the result
obtained by the SP method in Fig. 8. Figure 8 shows that the SP
method can extract a very accurate stress at the boundary point A
even for coarse meshes. All other methods provide only poor bound-
ary stresses when coarse meshes are used for the stress analysis.

Example 4: Three-Dimensional Problem

A three-dimensionalcantileverbeam underuniform vertical pres-
sure is modeled using eight-node three-dimensional sold elements.
The geometry and the loading condition are shown in Fig. 9. All of
the axial DOF () are restrained on the x = 0 surface. Lateral dis-
placements (v) and vertical displacements (w) are fixed along z and
y axes, respectively. _

In the present method, the P matrix for o,, is assumed as com-
pletely quadraticin (&, n, ¢) [as in Eq. (23)], and the trilinear stress
fields [as in Eq. (24)] are assumed for the other five components
within an element. For the ZZ method, the trilinear stress field is as-
sumed for the axial stressover a patch. The same trilinearstressis as-
sumed within an element for the AVG method. Six different meshes
(shown in Fig. 10) are used to check the convergence characteristic
of each method. Thus,

P=[1 & n ¢ & n¢ & & n* 7] (23)
P=[1 & n ¢ &n n¢ & &ng) (24)

The axial stress o, at the boundary node point A in Fig. 9 is of
interestin this example. To check the performanceof the SP method,
the recoveredboundarystressforo =0, 8 = y = 1is compared with
the result for « = 8 =y =1 in Table 3. Results from the two cases
are almostidenticalfor each mesh, asin the other examples. This im-
plies that very accurate boundary stresses can be recovered without
implementing the superconvergentstress for this three-dimensional
bending problem. The beam solution in Table 3 indicates the solu-
tion based on Bernoulli-Euler beam theory. Modeling this problem

Table3 Recovered boundary stresses, o, (example 4)

SP method
Mesh a=1,=1,y=1 a=0,=1,y=1

357.638 (17.21) 357.422(17.26)
399.489(7.53) 398.322(7.80)
426.243(1.33) 424.251(1.79)
439.800(1.81) 438.420(1.49)
445.220(3.06) 444714 (2.94)
447.141(3.50) 447.012(3.48)

Beam
solution, psi

432

NN AW~

4() indicates magnitude of relative error %.

Mesh 1 Mesh 2

Mesh 5 Mesh 6

Fig. 10 Meshes used in example 4.
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Fig. 11 Recovered axial stress at the point A: example 4.

using 60 x 6 x 6 HEXAS8 elements of MSC/NASTRAN, we ob-
tained o,, =428.91 psi, which is close to the beam solution.

The results obtained by the SP method are compared with the
results from the order methods in Fig. 11. From Fig. 11, we can
confirm that the SP method can extract a very accurate boundary
stress at the point A even for coarse meshes, whereas other methods
recover poor boundary stresses when coarse meshes are used for the
stress analysis.

Conclusion

An element-base superconvergent stress recovery technique is
developed for accurate boundary stress extraction. Numerical ex-
amples show that the method can recover quite accurate boundary
stresses even without implementing the superconvergent stresses
for two- and three-dimensionalstress recovery problems. It is also
observed that the element-base stress recovery can extract more ac-
curate boundary stresses than the patch recovery approach can.

In the presentmethod, the equilibriumconstraintis imposed using
two residuals of the equilibrium in variational forms. Inclusion of
the two equilibriumresidualsresultsin a stress recovery scheme that
can recover accurate boundary stresses even for coarse meshes. The
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recovery stressis assumed as higherorder only for a dominantstress
component. This selective higher-orderstress assumption makes the
presentmethod able to extract very accurate boundary stresses even
withoutimplementing superconvergentstresses. The method should
be very effective for the localized boundary stress recovery.
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